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4. Fermi liquids.

(a) The spectral function of a Fermi liquid was given in the notes [Eq. (60)]:

1 1/2
Ay(ko,w) = Zy, - = ( 2/ L)
T (w—&)?+ (1/27)
Here we have introduced the subscript g to stand for “general”; to indicate that this is the
most general form of the spectral function for a Fermi liquid. On the other hand, the Fermi

liquid spectral function given in the problem text is

2 + Aincoherent(ka7 w)' (1)

2w
where the introduced subscript s stands for “simplified”, as this expression is the spectral
function associated with a simplified model of a Fermi liquid. We have the following corre-
spondences between factors in the two expressions:

Ay(ko,w) =7 - 0(w—&) + (1 - Z)

e 7y = Z. Thus in the simplified model, the k-dependence of Zj, is neglected.

o %% = 0(w — &). Thus in the simplified model, the finite lifetime 74 of
k

the quasi-particles has been neglected, i.e. the quasi-particles have been taken to have

an infinite lifetime. Also the renormalization (due to interactions) of the quasi-particle

dispersion from ¢ to some other function &;, has been neglected.

o Ainconerent(ko,w) = (1 —Z )'9(1/‘2/—[;,‘“") Thus in the simplified model a simple function
that is step-wise constant has been used to represent the “incoherent” background.

(b)

/ dw A, (ko,w) — Z/ dwé(w—{k)—k% dw O(W — ) =1.  (3)

~ —~

[e.9] oo

=1 =", dw=2w

(¢) From Eq. (62) in the notes we have that the momentum distribution function of the
Fermi liquid described by the spectral function Ay is given by

(el che) :/ dw As(ko,w)np(w). (4)
At zero temperature, np(w) = 0(—w), giving
(el cho) = / dw Ay(ko,w)0(—w). (5)

Inserting for A, and doing the w integration gives

(chatio) = 20(~G) + 3(1 - 2). ()

From this expression one sees that when |k| crosses the Fermi surface from above, i.e. when
&k changes sign from positive to negative, the momentum distribution function jumps by Z.
Note that in the non-interacting case, Z = 1, this expression for the momentum distribution
function reduces to the (zero-temperature) Fermi-Dirac distribution ng(&g), for which the
jump is 1 at the Fermi surface.



