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Problem 1.
See handwritten solution further back.

Problem 2.
See Griffiths.

Problem 3.
See http://www.physicspages.com/2012/01/10/

laplaces-equation-fourier-series-examples-3-three-dimensions/

Problem 4.

a) We have a function f(x) on the interval [−1, 1]. Since the Legendre polynomials form
a complete set on this interval, it is possible to write f(x) as a linear combination of
Legendre polynomials:

f(x) =
∞∑
`=0

A`P`(x). (1)

Multiplying by Pm on both sides and integrating from −1 to 1 gives∫ 1

−1
dxf(x)Pm(x) =

∫ 1

−1
dx

∞∑
`=0

A`P`(x)Pm(x). (2)

Using the orthogonality of the Legendre polynomials, i.e.∫ 1

−1
dxPm(x)Pn(x) =

2

2n+ 1
δmn, (3)

and interchanging the order of summation and integration in Eq. (2) leads to the relation∫ 1

−1
dx f(x)Pm(x) = Am

2

2m+ 1
, (4)

which is readily solved for the coefficients A` to give (after renaming m to `)

A` =
2`+ 1

2

∫ 1

−1
dx f(x)P`(x). (5)

b)

f(x) =

{
−1 x < 0
+1 x > 0

(6)
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Since f(x) is an odd function, and the Legendre polynomial P`(x) is an even function
for even `, the integrand in (5) is odd for even `, and thus A` vanishes for this case.
Hence only Legendre polynomials of odd order are needed, i.e.

f(x) =

∞∑
n=0

A2n+1P2n+1(x). (7)

c) For odd `, the integral in equation (5) becomes twice the integral from 0 to 1, which
gives A` = (2`+ 1)

∫ 1
0 dxP`(x). The first few coefficients are

A1 = 3

∫ 1

0
dx x =

3

2
, (8)

A3 = 7

∫ 1

0
dx

1

2
(5x3 − 3x) =

7

2

(
5

4
− 3

2

)
= −7

8
, (9)

A5 = 11

∫ 1

0
dx

1

8
(63x5 − 70x3 + 15x) =

11

8

(
63

6
− 70

4
+

15

2

)
=

11

16
. (10)












