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Problem 1.
See handwritten solution further back.

Problem 2.
See handwritten solution further back.

Problem 3.
See Griffiths.

Problem 4.

a) We will use the known result for the magnetic field due to an infinite straight current-
carrying wire: The magnitude of the field is µ0I/2πs, where s is the distance to the
wire, and the direction of the field is ”circumferential” (i.e. the field ”winds around”
the wire). Referring to the figure in the problem text, for a current I towards the right,
the field points out of the paper above the wire (where the loop is).

The magnetic flux through the loop of wire is given by

Φ =

∫
a
da ·B (1)

where a is any surface that is bounded by the loop of wire. (Can you show that the
magnetic flux is the same for any two such surfaces? Hint: By noting that two such
surfaces together form a closed surface, use Gauss’s law for the magnetic field to show
that the difference in flux through the two surfaces is zero.) Because of the form of
the magnetic field, the flux is here most easily calculated by making the ”most obvious
choice” of surface, namely the flat square surface bounded by the loop.

Next, in order to fix the sign of the flux, we should choose whether the normal unit
vector n̂ for this surface should point into or out of the paper (the physics is of course
unaffected by this choice). Since B points out of the paper, we will choose n̂ out of the
paper too, as that makes the flux positive. Thus

Φ =

∫
B · da =

µ0I

2π

∫ `+L

`

1

s
Lds =

µ0IL

2π
ln

(
`+ L

`

)
=
µ0IL

2π
ln

(
1 +

L

`

)
. (2)

b) In this situation the distance ` becomes time-dependent, with d`/dt = v > 0. Thus
the flux Φ becomes time-dependent too. The emf ε that is generated can be calculated
from the ”flux rule”:

ε = −dΦ

dt
= −µ0IL

2π

1

1 + L/`
L

(
− 1

`2

)
d`

dt
=

µ0IL
2v

2π`(t)[`(t) + L]
. (3)
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The direction of the induced current is counterclockwise. This can be shown in several
ways (in the following, the ”external” field refers to the field produced by the infinite
wire):

• From the sign of ε and the direction of n̂: Since n̂ was chosen out of the paper, the
reference direction for traversing the loop is counterclockwise (this follows from a
right-hand rule: curling the fingers of your right hand in the reference direction
of traversal, your thumb points in the direction of n̂). Since our result (3) shows
that the sign of ε is positive, the induced current is in the same direction as the
the reference direction, i.e. counterclockwise.

• From Lenz’s law: Since the magnitude of the flux through the loop gets weaker as
the loop is moved away, the induced current will try to increase this magnitude by
having the induced field point in the same direction as the ”external” field inside
the loop, i.e. out of the page. It follows from a right-hand rule that the induced
current must then be counterclockwise.

• From the Lorentz force (since the emf is motional): The ”external” field points out
of the page, so the magnetic Lorentz force on a charge in the segment of the loop
closest to the infinite wire is to the right. The force on a charge on the far side of
the loop is also to the right, but here the field and therefore the force is weaker, and
thus the direction set by the closest loop segment wins, giving a counterclockwise
current.

c) Since the magnetic field only depends on the distance to the wire, moving the loop to
the right, i.e. parallel to the wire, will not change the flux through the loop, so the emf
ε = −dΦ

dt = 0. Thus the induced current is also zero.

Problem 5.

a) To calculate ∇ · ←→T one has to keep in mind that ∇ = x̂i∂i operates on what appears

to its right. The effect of ∇ on
←→
T = Tijx̂ix̂j is limited to the components Tij since the

Cartesian unit vectors x̂i are independent of r. This gives

∇ · ←→T = [x̂i∂i] · [Tjk x̂jx̂k]
= [∂iTjk] x̂i · (x̂jx̂k)
= [∂iTjk] (x̂i · x̂j)︸ ︷︷ ︸

δij

x̂k

= [∂iTik] x̂k.

(4)

Hence, component i of the vector ∇ · ←→T becomes[
∇ · ←→T

]
i

= ∂jTji. (5)
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b) We get

v ×
←→
T = [vkx̂k]× [Tij x̂ix̂j ]

= [vkTij ] x̂k × (x̂ix̂j)

= [vkTij ] (x̂k × x̂i)︸ ︷︷ ︸
εki`x̂`

x̂j

= εki`vkTijx̂`x̂j

= εk`ivkT`jx̂ix̂j

(6)

where in the last step we renamed the dummy indices i and `, in order to read off the

ij component of v ×
←→
T as what multiplies x̂ix̂j . This gives

(v ×
←→
T )ij = εik`vkT`j (7)

(here we also used εk`i = εik` which follows from the invariance of the Levi-Civita
symbol under cyclic permutations of indices).

Similar manipulations give

←→
T × v = [Tijx̂ix̂j ]× [vkx̂k]

= [Tijvk](x̂ix̂j)× x̂k

= [Tijvk]x̂i (x̂j × x̂k)︸ ︷︷ ︸
εjk`x̂`

= εjk`Tijvkx̂ix̂`

= ε`kjTi`vkx̂ix̂j ,

(8)

so that the ij component of
←→
T × v is

(
←→
T × v)ij = εjk`Tikv`. (9)

As an example of the relevance of this cross product between a rank-2 tensor and a
vector, we note that the angular momentum current density (which was mentioned
in the lectures in connection with a very brief discussion of conservation of angular

momentum) is given by
←→
T ×r, where

←→
T is here the Maxwell stress tensor and r is the

position vector.
















